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On nonseparability of Holder-Lipschitz space
Dr. Ameer Abdulmageed Alkhawagah

Abstract—Many spaces that we come across in calculus and geometry are separable. For mathematicians separable spaces have some
attractive properties arising from the ability to represent every element of a space as a limit of sequence of elements from a countable set;
as any real number can be represented as limit of a sequence of rational numbers. The purpose of this work is to show nonseparability of
the space ௡,ఒ(Ω) – the space of continuous andܥ ݊-times continuously differentiable functions with Holder-Lipschitz condition imposed
on the last ݊-th derivative with some .coefficient ߣ

Index Terms— approximation error, Banach space, convergence rate of approximation, Holder-Lipschitz condition, everywhere dense set,
nonseparable space, norm, piecewise linear approximation, space of continuous functions
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1 INTRODUCTION
efinition 1.
Set ⊃ ܯ is called everywhere dense in a normed space ܤ

ݕ ∈ ܤ exists 0 > ߝ and any arbitrarily small ݔ ∈ ܤ if for any ,ܤ
, such as ݔ‖ − ஻‖ݕ < ߝ

Definition 2.
A  normed  space  is  called  separable  if  it  contains  a  finite  or
countable everywhere dense set.

Usually, as an instance of Banach nonseparable space we con-
sider the space ݈∝(space of limited sequences). It contains
noncountable set with pairwise distance between sequences
equal to one, as such sequences we can take all sequences of
zero and one.  The trivial example of a separable space is a set
of real numbers, as it includes everywhere dense set of rational
numbers. Another illustration of a separable space is the space
of continuous functions since according to Weierstrass ,[ܥ]0,1
approximation theorem the space of polynomials with rational
coefficients  is  a countable everywhere dense subspace of the
space .[ܥ]0,1

Theorem 1
.௡,ఒ(Ω) is a Banach spaceܥ

2 RESULT AND DISCUSSION
Before discussing the question related to separability of the
space -௡,ఒ(Ω), we will consider the behavior of piece-wise linܥ
ear approximations on the functions from this space. We will
study one-dimensional case. Consideration of multidimen-
sional case does not differ from the study of one-dimensional
version, except abundance of indexes and variables. Moreover
we will scrutinize ,ܽ]଴,ଵܥ ܾ] as  prove  for  the  general  case
.଴,ఒ[ܽ, ܾ] is analogousܥ

We will start the discussion with the space of continuous func-
tions ,ܽ]ܥ ܾ] with the introduced norm on it:

‖݂‖஼ = sup
௫∈[ୟ,ୠ]

|(ݔ)݂|

Let us consider a function (ݔ)݂ ∈ ,ܽ]ܥ ܾ]. We will partition the
segment [ܽ, ܾ] into ݊  equal parts and consider some piecewise
linear approximation ௡݂. It is a known fact that for (ݔ)݂ ∈ ,ܽ]ܥ ܾ]
occurs that ௡݂ → ݂  when ݊ → ∞  in a sense of norm defined on
,ܽ]ܥ ܾ].
In other words:

lim
௡→ஶ

(ݔ)݂|௫∈[௔,௕]ݔܽ݉ − ௡݂(ݔ)| = 0
In fact, to solve applied problems besides convergence, we need
to know a convergence rate of approximation or the number in
which a segment is required to be portioned in order to piece-
wise linear approximation error will not exceed the predeter-
mined value. In case of the space C[ܽ, ܾ] with the introduced
norm the answer is unknown.
Nevertheless, if we consider the space ,ܽ]଴,ଵܥ ܾ], we can esti-
mate the piece-wise linear approximation error. The space
,ܽ]଴,ଵܥ ܾ] will be scrutinized with the norm:

‖݂‖Сబ,భ = sup
௫∈[ୟ,ୠ]

|(ݔ)݂| + sup
௫భ,௫మఢ[ୟ,ୠ]

௫భஷ௫మ

(ଵݔ)݂| − |(ଶݔ)݂
ଵݔ| − |ଶݔ

Let us consider a function (ݔ)݂ ∈ ,ܽ]଴,ଵܥ ܾ], partition of the seg-
ment [ܽ, ܾ] into ݊ equal pieces and a corresponding to this par-
tition liner approximation ௡݂.

ℎ =
ܾ − ܽ

݊
The maximum value of piece-wise linear approximation error
in a sense of norm defined on ,ܽ]ܥ ܾ] is:

‖݂ − ௡݂‖஼ ≤ ‖݂‖஼బ,భ
ℎ
2 ≤ ‖݂‖஼బ,భ

ܾ − ܽ
2݊

This estimation can be applied in a range of realms.

Now let us evaluate the error in a sense of norm on ,ܽ]଴,ଵܥ ܾ]:

‖݂ − ௡݂‖஼బ,భ(Ω) ≤ ‖݂‖஼బ,భ
ܾ − ܽ

2݊ +

D
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+ sup
௫భ,௫మఢ[ୟ,ୠ]

௫భஷ௫మ

(ଵݔ)݂| − (ଶݔ)݂ − ( ௡݂ (ଵݔ) − ௡݂ |((ଶݔ)
ଵݔ| − |ଶݔ

	 	
If in the calculated estimation, the second term tends to zero
when ݊ → ∞, then it would be easy to  build a countable every-
where dense set to prove separability of the space ,ܽ]଴,ଵܥ ܾ].
Lemma. If in some Banach space exists an uncountable set  ܤ
ܯ ⊂ such that pairwise distances between its elements are  ܤ
bigger than some fixed constant d, i. e ∀ ଵ݂, ଶ݂ ∈ ,ܤ ଵ݂ ≠ ଶ݂the in-
equality is held

‖ ଵ݂ − ଶ݂‖஻ ≥ ݀
then .is not separable ܤ

Thus, to prove nonseparability of the space ,ܽ]଴,ଵܥ ܾ],  it  is  re-
quired to build set -As such set we can take the set of func .ܯ
tions ௖݂(ݔ) = ݔ| − ܿ|, ܿ ∈ (ܽ, ܾ). It is obvious that in this case, ܯ
is uncountable as the set (ܽ, ܾ) is uncountable. Let us show that
the required inequality will be held for this set.

ฮ ஼݂భ − ஼݂మ ฮ
஼బ,భ[௔,௕]

≥ 2, ܿଵ, ܿଶ ∈ (ܽ, ܾ), ܿଵ ≠ ܿଶ

ฮ ஼݂భ − ஼݂మ ฮ
஼బ,భ[௔,௕]

= sup
௫∈[ୟ,ୠ]

ห|ݔ − ܿଵ| − ݔ| − ܿଶ|ห +

+ sup
௫భ,௫మఢ[ୟ,ୠ]

௫భஷ௫మ

(ଵݔ)݂| − (ଶݔ)݂ − ( ௡݂ (ଵݔ) − ௡݂ |((ଶݔ)
ଵݔ| − |ଶݔ

Let us put ଵݔ = ଵܿ, ଶݔ = ܿଶ in the second term, we will obtain
ห|ܿଵ − ܿଵ| − |ܿଶ − ܿଵ| − (|ܿଵ − ܿଶ| − |ܿଶ − ܿଶ|)ห

|ܿଵ − ܿଶ| =

=
ห|ܿଶ − ܿଵ| + |ܿଵ − ܿଶ|ห

|ܿଵ − ܿଶ| =
2|ܿଵ − ܿଶ|
|ܿଵ − ܿଶ| = 2

To summarize, in case of the space ,ܽ]଴,ଵܥ ܾ] we proved the fol-
lowing theorem:

Theorem: the space .௡,ఒ(Ω) is not separableܥ

In particular, nonseparability of the space ,ܽ]଴,ଵܥ ܾ] means that
there are functions for which piece-wise linear approximation
error does not tend to zero when the partition of the segment
[ܽ, ܾ] is milled and ݊ → ∞. Let us build an example of such func-
tion (ݔ)݂ but in the space .଴,ଵ[0,2]ܥ

Function example.
The main idea is following: we partition the segment [0,2] into
two equal parts and put the pick of height 1 on the left side.
Then we partition the right side into two equal halves and put
the pick of height ½ on the left halve. Further, again, the rest we
partition into two equal pieces and put on the left piece the pick
of height ¼. We infinitely continue this process.
It is obvious, that ‖݂‖஼బ,భ = 3 , as the first summand in the de-
fined norm equals one and the second  results in two, thus, in
sum we obtain three. Let us show that for a piecewise linear

approximation ௡݂(ݔ) built on a uniform partition of the segment
into n pieces, the following formula is held:

lim
௡→ஶ

‖݂ − ௡݂‖஼బ,భ ≠ 0.
Full analysis of this limit would be extremely complicated and
time-consuming. Therefore, to proof this fact we will simply
show that the following claim is false: limit exists and equals
zero. So, we have some numerical sequence

{‖݂ − ௡݂‖஼బ,భ}௡ୀଵ
∝ .

and as it is known if a sequence converges to some limit then to
the same limit converges any of its subsequences. As such sub-
sequence we will take the elements with indexes 2௡ାଵ  and try
to find a limit of the sequence

{‖݂ − ݂ଶ೙శభ‖஼బ,భ}௡ୀଵ
∝ .

This type of subsequence was chosen in order to make bound-
aries of the segments partition becoming points of local maxima
and minima.
Not hard to see that:

lim
௡→ ஶ

‖݂ − ݂ଶ೙శభ‖஼బ,భ = 2
Therefore, it implies that even if

lim
௡→ ஶ

‖݂ − ௡݂‖஼బ,భ

exists, it equals two not zero.

3 CONCLUSION

A range of theorems can be proved constructively only for sep-
arable spaces. If a space is not separable, it becomes more com-
plicated to apply methods of finite elements. To exemplify, we
cannot use Fourier series, piece-wise linear approximations and
etc. In most cases particularly we deal with separable spaces, as
in case of the space However, as it was shown above .[0,1]ܥ
the space -௡,ఒ(Ω) does not possess the property of separabilܥ
ity.
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